
Formulari de Mètodes Matemàtics II

Manel Bosch

EQUACIONS DIFERENCIALS

u(x, t) = X(x)T (t)

Coef. constants:

a2y
′′(x) + a1y

′(x) + a0y(x) = 0 → y(x) ∼ eαx

α1 6= α2 → y(x) = Aeα1x +Beα2x

α1 = α2 → y(x) = Aeαx +Bxeαx

Segona solució: y′′(x) + p(x)y′(x) + q(x)y(x) = 0

y2(x) = y1(x) · u(x) → y2(x) = y1(x)

∫
e−

∫
p(x)dx

y21(x)
dx

Coef. no contstants: Equació de Cauchy-Euler

ax2y′′(x)+bxy′(x)+cy(x) = 0 → y(x) ∼ xλ, 0 < x <∞

λ1 6= λ2 → y(x) = Axλ1 +Bxλ2

λ1 = λ2 → y(x) = Axλ +Bxλ lnx

λn = α± iβ → y(x) = xλ[k1 cos(β lnx)− k2 sin(β lnx)]

Mètode Fröbenius

w′′(z) + p(z)w′(z) + q(z)w(z)

i. Si z0 és punt ordinari:

w(z) =

∞∑
n=0

an(z − z0)n

ii. Si z0 és punt singular regular:

w(z) =

∞∑
n=0

an(z − z0)(n+α)

FUNCIONS ESPECIALS
Gamma d’Euler:

Γ(x) =

∞∫
0

tx−1e−tdt x > 0

Funcions de Bessel:

x2y′′(x) + xy′(x) + (x2 − ν2)y(x) = 0

a0 =
1

2νΓ(ν + 1)
Jν =

∞∑
n=0

(−1)n

n!Γ(ν + n+ 1)

(x
2

)ν+2n

ν /∈ N y(x) = AJν(x) +BJ−ν(x)

ν ∈ N y(x) = AJν(x) +BYν(x), també ∀ν
Modif: x2y′′(x) + xy′(x) + (λx2 − ν2)y(x) = 0

y(x) = AJν(λx) +BYν(λx)

λ = ±i → y(x) = AIν(x) + BKν(x)
Polinomis de Legendre:

w′′(z)− 2z

1− z2
w′(z) +

ν(ν + 1)

1− z2
w(z) = 0

ν = n → w(z) = APn(z) +BQn(z)

ν 6= n → ar+2 =
(r + 1)− ν(ν + 1)

(r + 1)(r + 2)
ν parell: pol.Leg.

STÜRM-LIOUVILLE

[p(x)y′(x)]′ + q(x)y(x) + λw(x)y(x) = 0{
αy(a) + βy′(a) = 0

γy(b) + δy′(b) = 0

λn : val.prop. ϕn : func.prop. 〈ϕn|ϕm〉 ∝ δmn
Producte escalar:

〈f(x)|g(x)〉 =

b∫
a

f∗(x)g(x)w(x)dx

SL periòdic: y(a) = y(b); y′(a) = y′(b)
SL singular: p(a) = 0 → y acotada en a.

TRANSFORMADA DE LAPLACE

L[f(t)] = F (s) =

∞∫
0

f(t)e−stdt s > 0

Propietats:

L[eatf(t)] = F (s− a) L[f(at)] =
1

a
F
( s
a

)

L[tnf(t)] = (−1)n
dn

dsn
F (s) L

 t∫
0

f(τ)dτ

 =
F (s)

s

L[fn)(t)] = snF (s)−sn−1f(0)−sn−2f ′(0)−...−sfn−2)(0)−fn−1)(0)

Convolució:

(f ∗ g)(t) =

t∫
0

f(t− ξ)g(ξ)dξ

L[(f ∗ g)(t)] = F (s)G(s) L−1[F (s)G(s)] = (f ∗ g)(t)

SÈRIES DE FOURIER
Peŕıode: L

f(x) =
a0
2

+

∞∑
n=1

an cos

(
2πnx

L

)
+ bn sin

(
2πnx

L

)

an =
2

L

x0+L∫
x0

f(x) cos

(
2πnx

L

)
dx

bn =
2

L

x0+L∫
x0

f(x) sin

(
2πnx

L

)
dx

Parseval:

1

L

x0+L∫
x0

|f(x)|2dx =

(
1

2
a0

)2

+
1

2

∞∑
n=1

(a2n + b2n)



TRANSFORMADA DE FOURIER

F [f(t)] = f̂(ω) =
1√
2π

∞∫
−∞

f(t)e−iωtdt

f(t) =
1√
2π

∞∫
−∞

f̂(ω)eiωtdω

Propietats

F [f(at)] =
1

a
f̂
(ω
a

)
F [f(t+ a)] = eiaω f̂(ω)

F [eαtf(t)] = f̂(ω + iα) F [fn)(t)] = (−iω)nf̂(ω)

Convolució:

(f ∗ g)(t) =
1√
2π

∞∫
−∞

f(ξ)g(t− ξ)dξ

F [(f ∗ g)(t)] = f̂(ω)ĝ(ω) F−1[f̂(ω)ĝ(ω)] = (f ∗ g)(t)

FRACCIONS PARCIALS

F (s) =
P (s)

Q(s)

Grau numerador ≥ grau denominador: divisió de polinomis.
Garu numerador< grau denominador: fraccions parcials.

1. Per a cada factor de la forma as+ b de Q(s):

A

as+ b

2. Per a cada factor lineal repetit de la forma (as+ b)n:

A1

as+ b
+

A2

(as+ b)2
+ . . .+

An
(as+ b)n

3. Per a cada factor quadràtic de la forma as2 + bs+ c:

As+B

as2 + bs+ c

4. Per a cada factor quadràtic repetit de la forma (as2 +
bs+ c)n:

A1s+B1

as2 + bs+ c
+

A2s+B2

(as2 + bs+ c)2
+ . . .+

Ans+Bn
(as2 + bs+ c)n

Pols simples (transformada de Laplace):

F (s) =
P (s)

(s− α1)(s− α2) · . . . · (s− αn)

f(t) = L−1(F (s)) =

n∑
i=1

ĺım
s→αi

(s− αi)F (s)eαit


