
Formulari de Mecànica Quàntica
Manel Bosch Aguilera

6è Semestre

I. Formalisme i Postulats

Importants:
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)
σiσj = δij + iεijkσk [σi, σj ] = 2iεijkσk
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eiαn̂·~σ = cosαI + i sinα(n̂ · ~σ)

Bras, kets i operadors:

〈u|v〉 =

n∑
i=1

u∗i vi 〈ψ|ϕ〉 =

ˆ

R3

d3x ψ∗(~x)ϕ(~x) |ψ〉 → 〈ψ|ψ〉 = 1 A† =
(
AT)∗

E1 = |e1〉 〈e1| =
(

1 0

0 0

)
E2 = |e2〉 〈e2| =

(
0 0

0 1

)
Ei = E†i = E2

i EiEj = δijEi E1 + E2 = I

I =
∑
i

Ei =
∑
i

|ei〉 〈ei|

A |an〉 = an |an〉 A =
∑
n

an |an〉 〈an| =
∑
n

anE(an) f(A) =
∑
i

f(ai)E(ai)

A = A† → λi ∈ R → 〈λi|λj〉 = δij A |vi〉 = λi |vi〉

〈A〉|v〉 = 〈v|A |v〉 =
∑
i

ai| 〈ai|v〉 |2 ≥ 0

U = eiA =
∑
j

eiaj |aj〉 〈aj | UU† = I λi = eiθ U |ui〉 = |vi〉 〈ui|uj〉 = δij = 〈vi|vj〉

[A,B] = AB−BA = −[B,A] [A,BC] = B[A,C]+[A,B]C [A, [A,B]] = 0 → [f(A), B] = [A,B]f ′(A)

A = A†, B = B† i [A,B] = 0 ⇒ ∃C = C† | A = f(C) i B = f(C)

X = X† =

∞̂

−∞

dx x |x〉 〈x| ψ(x) = 〈x|ψ〉 〈x|y〉 = δ(x− y) P = −i~ d

dx
= P † =

∞̂

−∞

dp p |p〉 〈p|

Estats i Observables Producte:

|ψ〉 = |ϕ〉A ⊗ |ξ〉B + |φ〉A ⊗ |η〉B = |ϕ〉A |ξ〉B + |φ〉A |η〉B = |ϕξ〉+ |φη〉 ∈HA ⊗HB

X(A) ⊗ Y (B) ⇒ X(A) ⊗ Y (B) |ψ〉 = X |ϕ〉A ⊗ Y |ξ〉B +X |φ〉A ⊗ Y |η〉B
Postulat de la mesura:

|ψ〉 → A |an〉 = an |an〉 PA,|ψ〉 = |〈ai|ψ〉|2

〈A〉|ψ〉 = 〈ψ|A |ψ〉 =
∑
i

aiP (ai) =
∑
i

ai| 〈ai|ψ〉 |2

∆|ψ〉A =
∣∣∣〈ψ∣∣∣ (A− 〈A〉|ψ〉)2 ∣∣∣ψ〉∣∣∣1/2 =

∣∣〈ψ∣∣A2
∣∣ψ〉− 〈ψ|A |ψ〉∣∣1/2 =

∣∣∣(A− 〈A〉|ψ〉) |ψ〉∣∣∣
|ψ〉 = |ai〉 → PA,|ai〉(aj) = |〈ai|aj〉| = δij

Col·lapse: A |ψ〉i = |φ〉 → |ψ〉f = |φ〉

Principi d’incertesa:

[Xi, Xj ] = [Pi, Pj ] = 0 [Xi, Pj ] = i~δijI ∆A ·∆B ≥ 1

2
|〈[A,B]〉| ∆X ·∆Px ≥

~
2
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~
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i
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~

)
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(
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~2

)



Equació d’Schrödinger. Evolució temporal:

i~
d

dt
|ψ(t)〉 = H(t) |ψ(t)〉 〈x|ψ(t)〉 → i~

∂

∂t
ψ(t, x) =

(
− ~2

2m

d2

dx2
+ V (x)

)
ψ(t, x)

|ψ(t)〉 = U(t, t0) |ψ(t0)〉 → i~
d

dt
U(t, t0)H(t)U(t, t0) → U(t, t0) = e−

i
~ (t−t0)H per a H 6= H(t)

H |E〉 = E |E〉 |ψ(t0)〉 = |E〉 → |ψ(t)〉 = e−i
t−t0

~ E |E〉

i~
d

dt
〈ψ(t)|A |ψ(t)〉 = 〈ψ(t)| [H,A] |ψ(t)〉

∂

∂t
ρ(t, ~x) + ~∇ · ~(t, ~x) = 0

d

dt

〈
~X
〉

=
1

m

〈
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〉 d

dt

〈
~P
〉

= −
〈
~∇(X)

〉
II. Oscil·lador Harmònic
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P 2
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1

2
mω2X2

Solució algebraica:
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√
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√
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2mω
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√
~

2mω
(a− a†) [a, a†] = I N ≡ a†a
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)
N |n〉 = n |n〉 a |n〉 =

√
n |n− 1〉 a† |n〉 =

√
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)
H |n〉 = ~ω
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1

2

)
|n〉 |n〉 =

1√
n!

(a†)n |0〉 〈n|X |n〉 = 0 〈n|P |n〉 = 0

Solució tradicional:
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1
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ψ1(x) =
√

2
x

x0
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√
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√
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)
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− x2

2x20
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√
~
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Estats coherents:

a |λ〉 = λ |λ〉 |λ〉 = e−
|λ|2
2 eλa

†
|0〉 E|λ〉 = ~ω

(
|λ|2 +

1

2

)

III. Simetries, Lleis de Conservació i Moment Angular
Translacions:

U(~a) = e−i
~a·~P
~ , U(~a) ~XU†(~a) = ~X − ~aI

Paritat:
Up ~XU

†
p = − ~X

Operador de Casimir: A(Ji)

[A, Ji] = 0

Moment angular orbital:
~L = −i~~R× ~∇

Moment angular general:
[Ji, Jj ] = i~εijkJk, [ ~J2, Ji] = 0

~J2 |j,m〉 = ~2j(j + 1) |j,m〉 , Jz |j,m〉 = m~ |j,m〉
J+ ≡ Jx + iJy = J†−, J− ≡ Jx − iJy = J†+

J± |j,m〉 = N± |j,m± 1〉 , N± = ~
√
j(j + 1)−m(m± 1)

Moment angular d’spin:

En 2D: ~S =
~
2
~σ

Rotacions:
Un̂ = e−i

α
~ n̂· ~J



IV. Mètodes Aproximats
Pertorbacions indep. temps sense deg.:

H = H0 + λH ′ |ψn〉 =
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Mètode Variacional

H |ψn〉 = En |ψn〉 |φ〉 = |ψn〉 E0 ≤ E[φ] =
〈φ|H |φ〉
〈φ|φ〉


