Formulari de Relativitat General
Manel Bosch Aguilera

I. GEOMETRIA DIFERENCIAL
Camps de vectors i corbes integrals

L_d _dd'| 9 i dat
v:a—d)\pami—v(x)az — v(x)—d)\
Commutador: [7,d] = (v'0;w! — w'd;v7) §; = —[w, 7]

{#i} és base coordenada < [v(;, ¥(x)] = 0.
Tensors en una varietat
Vectors i vectors duals:

7 =v'e; =0'0; € T, D = p' = pida’ € T,

of ~

oz’ i 7 i
=0; df_agci x

OxJ
. _Az >~ _Ai'~i i _Ai' 7 . _Ai .
er =N, @' =A 0" v =A v py=Ap;

Tensor (ny): T Ty x...x Ty xTpyx...xT, =R

@ (&) = da’ (0;)

T=T1T,7E®.. 0600 ®...00)
T = A ATAE AL
Métrica: g, tensor (g):
g=g,;0' @& =g(@, &)@ ea’)=¢ @ ')
gijgik = 5;-“ v; = gijv? vl = gijvj U = gij"Ui'LUj = vjwj
Derivada de Lie

; 0
f{;f|t0 = f

Transport d’un vector per Lie:
£z0=0 = 49t =09l =0
Propietats:
Ly (p(@)) = (£5p) (@) + p (£51)
£L3(TeQ)=(£LT)eQ+ T (£;Q)
La(df) = dLs(f) Loz =als Liga =Ly La]

Simetries i vectors de Killing
Equacié de Killing:

£Lyg =0
(£38)i; = v"Ohgi; + 0ivF gry + 00 g

Nombre maxim:
p-formes
Components, dimensi6 i producte exterior:

n(nT—i-l) 8]-1},» + Bivj = 21}11_‘3-1-

n!

Q4.5 = Q4.4] C;,L =

En una base:

o o - 1 i -
(DAG) = m(p/\Q)i.ulWl/\ LA = Mp[i“'j%”'”w”\‘ A

Producte interior i(z) : AP — AP~!

1

]

aij__ilxzcbj A A

Dual de Hodge # : A™ — Ap_m

* 1 i * 1214 Lok
("T)j.a= mwi...kj.“zT ko (rBy -t = oot KBy

n—formes 1 simbol de Levi Civita

VTR = g R Tk TR T

wlmnwl.“n =1 Wi...jwlmj =nl Wi, j = fei...j whd i...J

ijk i sk _ sksj
€ €iomn = 07,6, — 0,07

gy

n

a1...4;Qj41...a . A4 laj+1
€ ) neal...ajbj+1~~~bn = (n j).j.(sbj+1

Determinant i canvi de base:

Lo 1 R
det(A) = €5 g AMAY LA™ = —eyy ceiy 1 ATAY AT
n

f'= fdet(A)

Forma volum meétric:
g=40" oot £... La" 0a".

=" A AQY = /|det(g)[dzt A... A da"

Derivada exterior

. 1 - < .
dé = falaimjdxl Adz" AL A da?
pl

d(@+p)=da+dB d@np) = (da)A B+ (-1)?a A (dB)
d(da) =0 d(f) =df =gradf d(fdg)=dfdg
Aplicacions:
B} — *(@AD)=d x T

*da=V x a@ d*@ = (diva)® = (diva)dz! A dz? A da®

Integracio
- . L. 0xt ozl ~ ~ 7
/a: a(ei,...,ej)ﬁ"'ﬁ e .d)\b
Q UCRn

Teorema de Stokes i O-formes:
/ad:/d /*f:/f\/|det(g)\(~1xl/\.../\(~1x”
Q a0 Q Q

Teorema de Gauss:

[ro=[a
o0 Q

Connexid i derivada covariant

/vini&)\i A AdATT = /(div;,ﬁ)d;
o0 Q

ijurggg: fVzZ+ ngZ
Ve,éx =Th6 (V) (6,%) = Vy'or! — 2/Vy' = (Vap)'
iji = 8j(yi) + F};jyk Vo, = 0505 — I‘i—“jok

s gk s mj-k
m liTs-~~m_"'_FmiT‘l---s



Connexi6 simétrica: Dinamica:
Ty =T,
= - ga/_;uo‘uﬁ =-1 gagkakﬁ =0 —kou®=w
Vi@ —Vzy=[Z,y] = £z7

£25 = 2°Vio; + oxVizk Si &9 és Killing i v# geodésica, £%v, = gaﬁg%ﬁ = cnst.
xr - c K3

Connexi6é métrica: uw=—-E k=-F u=L ky=1L
Vg=0 Vagu =0 Trajectories:

1 ar\? . 2M L2 ar\? 2M
Fl”zf fm 0; mi"'@i m'_am ij —_— :E2— 1—— 1 — —_— :E2— 1-——
ji 29 ( g Imj 93) a1r . + oG ER .

Transport paral-lel:

Minim estable:
Vsl =0 — v*u’ + kavluk =0

du? dat 1 3M T 1_3M
_ (S, =0 r r
Y
Geodésiques L2 12M2
~eocesques r=—\1+£4/1— ——
d2 k d l d 7 zM L?
T ' dx
V=0 = —— rk— == —9
v d\2 i dX dX Coordenades de Kruskal-Szekeres:
Curvatura de la connexid r 3 t
_ (1 r/4M v
Tensor de Riemann: R(7,%) = [V, Vy| — Viz g X = <2M 1) ¢ cosh <4M>
. V2lE — Vie =16 = RL..& 1
[vem vﬁj]ek v[ei,ej] k Rkljel T — (L — 1) 2 er/4M Sil’lh L
Rl =ort. —o,t, + 1l mrt 2M M
kij = Oil gy — Ol + 1l — Ll 9 [Ber/2M
g 9QsiMTe T 2 2102
Amb % components independents. ds” = r (=dT* +dX7) +r7dQ

Teoria Linealitzada i Ones Gravitacionals

l _ l _ l —
Ry =0 Fpiy) =0 Bygggimn) =0

_ 1 N
Ritmn = gkiRjmn, G = M + || <1 by =y — §nwho¢
Tensor de Ricci i escalar de Ricci: hy — h/W = hyw — 20(,8,)
. ik i 1 Gauge de Lorentz: 8"BMV =0 0[O%, ziaﬂhw,
Rir = Ripp R=g¢"Ry, V'R, = *§VpR Equacions linealitzades + gauge: 0,0%h,, = —2rT),

. . Gauge TT: hoo =0, h% =0, &*hy, =0
Tensor d’Einstein:

1 .. huﬁﬁly:hu_2azfy _’_aaga
Gij=Rij — -9;R G=-R V,GY=0 g g ! >0
2 .
Ones planes:
Divergéncia (respecte connexié Levi-Civita):

-

B = Re [A, exp(ilaz®)] 1= (w, k)

1 1
Hoo_ no_ HyTH A — H —
Fin = Jgrrviel Vit = it = =0, (Viglo") 0 Byl = Ragul’ = 1°Valh = VoIt =0 il, =9,

II.RELATIVITAT GENERAL Poténcia:
Simetria Esférica i Forats Negres DV = /Too(x)xi/xj/dg’ ! = Z Mo’ xd,
Estatic: killing temps + gg; =0 Limit Newtoni: )
s — 2O 2 4 2A) 4,2 (0 + sin? 0?) Schw: ds? = —(1 — 2¢)dt* + dz? + dy? + d2? ¢ = R%ﬂ
p<Lp dt=dr  |9] <0
Iy = /\/eTAdr % ERICHEICY W= (L") |l < 1
T1

Meétrica de Schwarzschild:

2M 2
d82:_<1_r> dt2+ - dTQM —|—7‘2(d92+sin29d¢2)



