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pod

Otoño, 2001

~r′⊥ = ~r⊥ , r′‖ = γ(r‖−vt) , t′ = γ(t− 1
c~r

~β)
x′ = x cosh ξ − ct sinh ξ , ct′ = ct cosh ξ −
x sinh ξ
~r′ = ~r +

(
γ−1
v2 ~r · ~v − γt

)
~v , t′ = γ

(
t− ~v·~r

c2

)
i, j ≤ 3 Li′

j = δi′
j + γ−1

β2 βi′β j

i ≤ 3 Li′
4 = L4′

i = −γβi

L4′
4 = γ

Contracció longituds: ∆~x′⊥ = ∆~x⊥ , ∆x′‖ =
γ∆x‖

l = l′
√

1−
(

v
c

)2 cos2 α′ = l′√
γ2 cos2 α+sin2 α

, tgα′ =
1
γ tgα

Temps: ∆t = γ∆t′ = γτ

Velocitats: ~u′⊥ = ~u⊥

γ
(
1−~v·~u

c2

) , u′‖ = u‖−v

1− ~u·~v
c2

, φ′ =

φ− ξ

~u′ =
~u+ γ−1

v2 ~u·~v−γ~v

γ
(
1−~v·~u

c2

) , tgθ′ = u sin θ

γ
(
u cos θ−v

) , v =

c tghξ

u′ =

√
u2+v2−2uv cos θ−( vu

c
sin θ)2

1−~v·~u
c2

, γ′u =

γuγv

(
1− uv

c2

)
Ones planes: ~n = ~k/2π = n̂/λ
~n′ = ~n + γ−1

c2
(~v · ~n)~v − γν

c2
~v , ν ′ = γ

(
ν − ~v · ~n

)
Doppler: νR = νE

/
γ

(
1− ~v·n̂R

c1,R

)
D. rad (lluny): νR = νE

√
1−v/c
1+v/c , tg: νR = νE/γ

Aberració: sinα′ = sin α
γ(1+β cos α) , cos α′ =

cos α+β
1+β cos α

Fresnel: c′1 = c1
1− v

c1
cos α√

1−2 cos α
vc1
c2

−( v
c

sin α)2
≈ c1 −

v
(
1− 1

r2
1

)
Quadrivectors: vµ′ = Λµ′

ν vν , Λ = L ·R

t. propi ∆τ = γ−1∆t = 1
c

∫ λ
λ0

dλ
√
−ẊµẊµ

4-vel: uµ = dXµ

dτ = γ(~ω, c) , (u)2 = −c2 , ~β =
~ω
c = ~u

u4

4-acc: bµ = duµ

dτ , b4 = γ4 ~ω·~a
c = ~b·~ω

c = ~u·~b
u4 , bµuµ =

0
~b = γ2~a + γ4

(
~ω·~a
c2

)
~ω = γ4

(
~a + 1

c2
~ω × (~a× ~ω)

)
dγ
dt = 1

c2
~ω · ~aγ3 , bµbµ = γ4

(
~a2 + γ4 ~ω·~a

c2

)
4-p: pµ = muµ = mγ(~ω, c) , pµpµ = −m2c2 , E =
cp4

E2 = (c~p)2 + (mc2)2 , ~β = ~p/p4 , c|~p| =√
T (T + 2mc2)

~pcm = 0 , ~vcm = c~p/p4 , ~K = hν/c(n̂, 1)

Dinàmica: fµ = d
dτ pµ = γ(~F ,~v ~F/c)

~F = mγ~a + mγ3 ~v·~a
c2

~v −→(~v⊥~a) mγ3~a

L = −mc2
√

1− v2

c2
, H = c

√
m2c2 + ~p2

Acció S =
∫

Ldt = −mc2
∫

dτ

~∇· ~B = 0 , ~∇× ~E +∂t
~B = 0 , ~D = ε0 ~E + ~P =

ε ~E
~∇ · ~D = ρ , ~∇× ~H − ∂t

~D = ~ , ~H = ~B
µ0
− ~M =

µ~B
4-corrent: jµ = (~, cρ) , Continüıtat: ∂

∂xµ jµ = 0
Força de Lorentz fµ = qFµ

νuν

Tensor electromagnètic Fi4 = −F4i = Ei/c
Fij = εijkB

k ; Ei = cFi4 = −cF4i , Bk =
1
2εijkFij

Camp E: E′
‖ = E‖ , ~E′

⊥ = γ
(

~E⊥ + ~v × ~B
)

Camp B: B′
‖ = B‖ , ~B′

⊥ = γ
(

~B⊥ − 1
c2

~v × ~E
)

→ ~E′ = ~E + γ(~v × ~B) + 1−γ
v2 ~v × (~v × ~E)

→ ~B′ = ~B − γ
c2

(~v × ~E) + 1−γ
v2 ~v × (~v × ~B)

Invariants ~E · ~B , ~B2 − 1
c2

~E2
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Maxwell ∂ρF
νρ = µ0j

ν , ∂αFβγ + ∂βFγα +
∂γFαβ = 0
4-potecial Aν = ( ~A, φ/c) , Fµν = ∂µAν − ∂νAµ

→ Maxwell ∂ν∂ρA
ρ − ∂ρ∂

ρAν = µ0j
ν

Galga Coulomb ~∇ · ~A = 0
Lorentz ∂µAµ = 0

Enerǵıa ~∇ · ~S + ∂U
∂t = −~ · ~E , ~S = ~E × ~H

Energia-impuls θµα = ε0c
2
(
F νµFα

ν −
η
4F σρFσρ

)
θ44 = U , θi4 = θ4i = Si/c

θij = −ε0

[
EiEj + c2BiBj − 1

2δij( ~E2 + c2 ~B2)
]

=

−T ij

Conservació ∂µθµα = jνF
να

Moment d
dt

∫
v(ρEi+(~× ~B)i)dv = − 1

c2
d
dt

∫
v Sidv+∫

A T ijn̂id2A

L(~x, t) = −mc2
√

1− v2

c2
+ q(~v × ~A)− qφ

Pi = ∂L
∂vi = mγvi + qAi

H(P, ~x, t) =
√

m2c4 + c2(~P − q ~A)2 + qφ

Telegrafia ∇2 ~E − µε ∂2

∂t2
~E − σ ∂

∂t
~E = 0

si ~E = ~E(~r)e−iωt → ∇2 ~E +
(
1 + σ

µε

)
µε ~E = 0

Transversalitat c1
~B = n̂× ~E

Temps retardat τr = t − 1
c |~x − ~y| , c2(t − tr)2 −

(~x− ~zr)2 = 0

Radiació multipolar

Aµ(~x, t) = µ0

4π

∫
R3 d3~y

jµ
(
~y,t∓ |~y−~x|

c

)
|~x−~y| θ

(
±t− |~x−~y|

c

)
±

± 1
4π

∫
R3

d3~y
|~x−~y|

[
1
c∂tA

µ(~y, 0)δ(ct∓ |~x− ~y|)+
+Aµ(~y, 0)δ′(ct∓ |~x− ~y|)]
Part. lliures a t → −∞

→ Aµ = µ0

4π

∫
R3 d3~y

jµ
(
~y,t∓ |~y−~x|

c

)
|~x−~y|

Font localitzada. Camps pròxims
~EI = 1

4πε0

∫
R3 d3~y ρ(~y)

|x−y|2 e−ik|~x−~y|

~BI = −µ0

4π

∫
R3 d3~y n̂×~(~y)

|~x−~y|2 e−ik|~x−~y|

Camps de radiació. Camps de radiació
~EII = ik

4πε0

∫
R3 d3~y e−ik|~x−~y|

|~x−~y| (ρn̂ − 1
c~(~y)) =

iωr̂ × (r̂ × ~A)
~BII = − ikµ0

4π

∫
R3 d3~y e−ik|~x−~y|

|~x−~y| n̂× ~(~y)) = − iω
c r̂ × ~A

~A = µ0

4π
e−ikr

r

∫
V d3~yeikr̂~y~(~y)

Radiació dipolar magnètica (eikr̂~y ≈ 1)

~A = iµ0ω
4π

e−ikr

r ~p , ~p =
∫
v d3~rρ(~y)~y

Moment dipolar magnètic (part antisimétrica)
~A = − ikµ0

4π
e−ikr

r r̂ × ~m , ~m =
∫
v d3~y ~M =∫

v d3~y 1
2~y × ~(~y)

Moment quadrupolar elèctric (part simètrica)
~B = −i ck2

24πµ0
e−ikr

r r̂ × ~q , ~E = −i c2k3

24π µ0
e−ikr

r (r̂ ×
~q)× r̂
aij =

∫
v d3~y(3yiyj − ~y2δij)ρ(~y) , qj = r̂ia

ij

r̂ × ~q = 3r̂ ×
∫
v d3~y(~yr̂)~yρ(~y)

Part́ıcules en moviment jµ = qδ(~y −
~z(t))(~v(t), c) , Rρ = xρ − yρ , ρr = |~x− ~z|
Aν(~x, tr) = −µ0c

4π q żnu
(~x−~z)ρżρ

Fµν
I = − q

4πε0c
żµrν−żνrµ

ρ2
r

Fµν
II = − q

4πε0c

{
z̈µrν−z̈νrµ

cρr
+ żµrν−żνrµ

cρr
(rz̈)

}
a t, τr → −∞ , z̈ = 0 → FII = 0

~EII =
q

4πε0c|~x− ~z|(1− n̂~β)3
n̂× (n̂− ~β)× ~̇β

~BII =
q

4πε0c3|~x− ~z|(1− n̂~β)

(
(1− ~βn̂)(~a× n̂)

+ (~an̂)(~β × n̂)
)

=
1
c
n̂× ~EII

4-moment radiat d
dτ pµ = q2

6πε0c5
(z̈ν z̈ν)żµ

Enerǵıa: d
dtε = qγ6

6πεc3
(~a2 − (~β × ~a)2)

formula de Larmor d
dtε = q2

6πε0c3
~a2

Distribució angular d
dtε = ~Sd2 ~A

observador d2ε
dtd2Ω

=
q2

16π2ε0c
1

(1−n̂~β)6

(
n̂×

(
(n̂− ~β)× ~̇β

))2

càrrega

(t. retardat)

d2ε

dtd2Ω
=

q2

16π2ε0c

1

(1− n̂~β)5

(
n̂×

(
(n̂− ~β)× ~̇β

))2

Accelerador lineal d
dtε = q2γ6

6πε0c3
~a2 , d

dtε = mγ3~v~a
dεrad

dε = q2

6πε0c3m2v
dε
dx , dε = mγ3vadt = mγ3adx

Distribució angular d2W
dΩ2 = q2v̇2

16π2ε0c3
sin2 θ

(1−β cos θ)5

f(θ) = 3(1−β2)
8π

sin2 θ
(1−β cos θ)5

, cos θmax =
−1+

√
1+15β2

3β

resultats d2W
dΩ2 ∝ γ8 , ∆θ ∝ γ−1

triem ~β = βk̂ , n̂ = (sin θ cos ϕ, sin θ cos ϕ, sinϕ)
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Accelerador circular d
dtω = q2γ4

6πε0c3
a2

∆εrad,1rev

ε = ∆ε
mγc2

= q2ε2β3

3ε0Rm4c8

d2W
dΩ2 = q2β̇2

16π2ε0c(1−β cos θ)5

[
(1− β cos θ)2 − (1− β2) sinθ cosϕ

]
ρ = 3

8πγ4(1−β cos θ)3

[
1− sin2 θ cos2 ϕ

γ2(1−β cos θ)2

]
siγ ↑ → ρ ≈ 1

(1+γ2θ2)

(
1− γ2 θ2 cos2 ϕ

(1+γ2θ2)2

)
triem ~β = βk̂ , ~̇β = β̇ı̂

Sincrotó δt = 2δθR(1/β − 1 =≈ γ−3/ω0

Radi de radiació δω ≈ ω0γ
3
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