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I. PRINCIPIOS VARIACIONALES

Acción y Principio de Hamilton

I =
ˆ t2

t1

L(qi, q̇i; t)dt δI =
(

dI
dα

)
0

qi(x, α) = qi(x, 0) + αηi(x)

L(qi, q̇i; t) = T −V
d
dt

(
∂L
∂q̇i

)
− ∂L

∂qi
= 0

Definiciones

pj =
∂L
∂q̇j

Qj = ∑
i

Fi
∂ri

∂qj
= −∂V

∂qj

∂ṙi

∂q̇j
=

∂ri

∂qj

Teoremas de conservación

h(qi, q̇i; t) = ∑
i

q̇i pi − L

T = T0 + T1 + T2

Ecuaciones de Hamilton

H(qi, pi; t) = ∑
i

q̇i pi − L

∂H
∂pi

= q̇i
∂H
∂qi

= − ṗi

∂H
∂t

=
∂h
∂t

= −∂L
∂t

∂H
∂t

=
dH
dt

Principio de Mínima Acción

∆

t2ˆ

t1

∑
i

piq̇idt = 0

II. TRANSF. CANÓNICAS

∑
i

piq̇i − H = ∑
i

PiQ̇i − K +
dF
dt

Funciones generatriz

F = F1(qi, Qi; t) pi =
∂F1

∂qi
Pi = −

∂F1

∂Qi

F = F2(qi, Pi; t)−QiPi pi =
∂F2

∂qi
Qi =

∂F2

∂Pi

F = F3(pi, Qi; t)+ qi pi qi = −
∂F3

∂pi
Pi = −

∂F3

∂Qi

F = F4(pi, Pi; t)+ qi pi−QiPi qi = −
∂F4

∂pi
Qi =

∂F4

∂Pi

K(Qi, Pi; t) = H(Qi, Pi; t) +
∂Fi(Qi, Pi; t)

∂t
Condiciones directas(

∂Qi

∂qj

)
q,p

=

(
∂pj

∂Pi

)
Q,P

(
∂Qi

∂pj

)
q,p

= −
(

∂qj

∂Pi

)
Q,P(

∂Pi

∂qj

)
q,p

= −
(

∂pj

∂Qi

)
Q,P

(
∂Pi

∂pj

)
q,p

=

(
∂qj

∂Qi

)
Q,P

Notación simpléctica

η̇ = J
∂H
∂η

ζ̇ = Mη̇ = MJ
∂H
∂η

= J
∂H
∂ζ

MJMT = J

Paréntesis de Poisson

[u, v] ≡∑
i

(
∂u
∂qi

∂v
∂pi
− ∂u

∂pi

∂v
∂qi

)
dg
dt

=
∂g
∂t

+ [g, H]p,q

[qj, qk]q,p = 0 = [pj, pk]q,p [qj, pk]q,p = δjk

q̇i = [qi, H] ṗi = [pi, H]

[uv, w] = [u, w]v + u[v, w]

[u, [v, w]] + [v, [w, v]] + [w, [u, v]] = 0



III. EC. DE HAMILTON - JACOBI

Equación y relaciones

Q̇i =
∂K
∂Pi

= 0 Ṗi = −
∂K
∂Qi

= 0

H(qi, pi; t) +
∂F
∂t

= 0

F = F2(qi, Pi; t)

H
(

q1, . . . , qn,
∂F2

∂q1
, . . . ,

∂F2

∂qn
; t
)
+

∂F2

∂t
= 0

Pi = αi → F2(qi, Pi; t) = S(qi, αi; t)

pi =
∂S
∂qi

= f (qi, αi; t) Qi =
∂S
∂αi

= βi

Transf. inversa:

qi = qi(Q, P; t) = qi(βk, αk; t)

pi = f (qi, αk; t) = pi(βk, αk; t)

Sistemas conservativos

S(qi, αi; t) = W(qi, αi)− αt α = E

H
(

q1, . . . , qn,
∂W
∂q1

, . . . ,
∂W
∂qn

)
= E

IV. SR NO INERCIALES

(dr) f = dθ× r 7→
(

dr
dt

)
f
=

dθ

dt
× r = ω× r

General (P se mueve):(
dr
dt

)
f
=

(
dr
dt

)
r
+ ω× r

(
dr′

dt

)
f
=

(
dR
dt

)
f
+

(
dr
dt

)
r
+ ω× r

v f = V + vr + ω× r

F = ma f . Si ω = const.

F = mR̈ + mar + mω× (ω× r) + 2mω× vr

ar =

(
dvr

dt

)
r

SRNI:

F = mar = ma f −mω× (ω× r)− 2mω×vr

Fce = −mω× (ω× r)

Fco = −2m(ω× vr)

V. SÓLIDO RÍGIDO

vr = 0 7→ vα = V + ω× rα

Tensor de inercia

Iij = ∑
α

mα

[
δij ∑

k
x2

α,k − xα,ixα,j

]

Iij =

ˆ
ρ(r)

[
δij ∑

k
x2

k − xixj

]
dr

Trot =
1
2 ∑

α

mα(ω× rα)
2 =

1
2 ∑

i,j
Iijωiωj

Momento Angular

L = ∑
α

mα[r2
αω− rα(rα ·ω)] Li = ∑

j
Iijωj

L = I ·ω Trot =
1
2

ω · L

Ejes principales

Iij = Iiδij Li = Iiωi Trot =
1
2 ∑

i
Iiω

2
i

Teorema Steiner

Iij = Jij −M(a2δij − aiaj) Xi = ai + xi

Ángulos de Euler

λ = λψλθλϕ

ω1 = ϕ̇ sin θ sin ψ + θ̇ cos ψ

ω2 = ϕ̇ sin θ cos ψ− θ̇ sin ψ

ω3 = ϕ̇ cos θ + ψ̇

Ec. Euler para sólido rígido

i. Ausencia de fuerzas externas:

ψ → ∂T
∂ψ
− d

dt

(
∂T
∂ψ̇

)
(Ii − Ij)ωiωj −∑

k
Ikω̇kεijk = 0

ii. En presencia de fuerzas externas:

(Ii − Ij)ωiωj −∑
k
(Ikω̇k − Nk)εijk = 0


