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Forza generalizada

Qj =
∑

~Fi ·
∂~ri
∂qj

, L(q, q̇, t) = T − V

Ec. Lagrange

d
dt

[
∂T

∂q̇j

]
− ∂T

∂qj
= Qj

d
dt

[
∂L

∂q̇j

]
− ∂L

∂qj
= 0

Disipativos

d
dt

[
∂L

∂q̇j

]
− ∂L

∂qj
+
∂F
∂q̇j

= 0

F =
1
2

∑
(kxv2

x,i + kxv
2
x,i + kxv

2
x,i) =

1
2

dWf

dt
Potencial general

Qj = −∂U
∂qj

+
d
dt

[
∂U

∂q̇j

]

Acción S =
∫ t2
t1
L(q, q̇, y)dt , ppi. Hamilton δS = 0

Momento

pi =
∂L

∂q̇
, pi = cte ↔ L 6= L(qi)

f. enerǵıa

h(q, q̇, t) =
∑
j

q̇j
∂L

∂q̇j
,

dh
dt

= −∂L
∂t

Si L = L1 + L2 + L3 , → V 6= V (q̇) ⇒ h = E

Formulismo de Hamilton

H(p, q, t) = q̇ipi − L(q, q̇, t)

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi

dH
dt

=
∂H

∂t
= −∂L

∂t
, pi =

∂L

∂q̇i

si L = L0 + L1 + L2 , L2 = T (qi 6= qi(t))
→ L0 = −V 6= −V (q̇) , → H = L2 − L0 = E

L = L0(q, t) + q̇ta + 1
2 q̇
tT q̇

H(q, p, t) = 1
2(pt − at)T−1(p− a)− L0(q, t)

δI = δ

∫ t2

t1

Ldt = δ

∫ t2

t1

(q̇ipi −H)dt = 0

∆
∫ t2

t1

Ldt =
∫ t2+∆t2

t1+∆t1

L(α)dt−
∫ t2

t1

L(0)dt

Mı́nima acción

∆
∫ t2

t1

piq̇idt = 0

Transformaciones canónicas. K = H + ∂F
∂t

piq̇i−H(q, p, t) = PiQi−K(Q,P, t)+
d
dt
F (p, P, q,Q, t)

1. F = F1(q,Q, t): pi = ∂F1
∂qi

, P = − ∂F1
∂Qi

∂pi
∂Qk

=
∂2F1

∂Qk∂Qi
= −∂Pk

∂qi

2. F = F2(q, P, t) − QiPi. pi = ∂F2
∂qi

, Qi =
∂F2
∂Pi

∂pi
∂Pk

=
∂2F2

∂Pk∂qi
=
∂Qk
∂qi

3. F = qipi + F3(q,Q, t). qi = −∂F3
∂qi

, Pi =
− ∂F3
∂Qi

∂qi
∂Qk

= − ∂2F3

∂Qk∂pi
=
∂Pk
∂qi
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4. F = qipi − QiPi + F4(p, P, t). qi =
−∂F4
∂pi

, Qi = ∂F4
∂Pi

∂qi
∂Pk

=
∂2F4

∂Pk∂pi
= −∂Qk

∂qi

Condiciones

{Qi, Qj} = {qi, qj} = {Pi, Pj} = {pi, pj} = 0

{Pi, Qj} = {pi, qj} = δij

Liouville

Mα,β =
∂xα
∂yβ

, M tJM = J

φt,s(x) = (ϕ1
t,s(x), . . . , ϕ

2n
t,s(x)) , Vs = Vt

Paréntesis de Poisson

{f, g} =
n∑
i

(
∂f

∂pi

∂g

∂qi
− ∂f

∂qi

∂g

∂pi

)
dg
dt

=
∂g

∂t
+ {H, g} , {f ◦ ψ, g ◦ ψ} = {f, g} ◦ ψ

Jacobi {u, {v, w}}+ {v, {w, u}}+ {w, {u, v}} = 0
Eq. Hamilton q̇k = {H, qk} , ṗk = {H, pk}
Hamilton-Jacobi K = H + ∂F

∂t = 0 , S = F2

H

(
q1, . . . , qn;

∂S

∂q1
, . . . ,

∂S

∂qn
; t

)
+
∂S

∂t
= 0

pi =
∂S

∂qi
= αi , Qi =

∂S

∂Pi
=

∂S

∂αi
= βi

S(q, α, t) = W (q, α)−α1t , W (q, α) =
∑
i

Wi(qi, α)

si H 6= H(qj) → pj = Pj = γ , Wj = γq1
Variables acción-angulo H(q, p) = α1 = E
Momento J =

∮
pdq

Q =
∂S(q, α, t)

∂α1
, ω̄ =

∂W (q, J)
∂J

˙̄ω =
∂H(J)
∂J

= ν(J) , ω̄ =
∫
ν(J)dt = ν(J)t+β

S. no inercial

d
dt

)
f

=
d
dt

)
g

+ ~ω× , ~vf = ~V + ~vr + ω × ~r

~F = m~af = m~̈R+m~ar +m~ω× (~ω×~r)+2m~ω×~vr

si ~̈R = 0 → ~Fef = m~ar

~Fef = m~af −m~ω × (~ω × ~r)− 2m~ω × ~vr

Sólido ŕıgido

Ii,j =
∑
α

mα

[
δi,j

∑
k

x2
α,k − xα,ixα,i

]

Ii,j =
∫
v

[
δi,j

∑
k

x2
k − xixj

]
ρ(~r)dV , Trot =

1
2

∑
i,j

Ii,jωiωj

Trot =
1
2
~L~ω , Li =

∑
j

Ii,j ωj , ~L = {I} ~ω

Icm
i,j = Ji,j −M

[
a2δi,j − aiaj

]
, ~a : xi → x′i

cm

Angulos de Euler λ = λψ λθ λϕ

(Ii − Ij)ωiωj −
∑
k

Ikω̇kεijk = 0

(Ii − Ij)ωiωj −
∑
k

(Ikω̇k −Nk)εijk = 0
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