
hν ′

hν
=

mc2

mc2 + mgh
≈ 1− gh/c2

∆Th ≈ (1 + gh/c2)∆T0

1
L2

=
GM

r3c2

~v =
d
dλ

=
∑

i

dxi

dλ

∣∣∣∣
P

∂

∂xi
=
∑

i

vi ∂

∂xi

[ ~X, ~Y ] =
n∑
i,j

(
xi ∂yj

∂xi
− yj

)
∂

∂xj

xi(λ0 + ε) = eε d
dλ

∣∣∣
λ0

xi = eε ~X
∣∣∣
λ0

xi

∇̃f

(
d
dλ

)
:=

df

dλ

∣∣∣∣
p

, ∇̃f =
∂f

∂xi
∇̃xi

~ei′ = Λi
i′~ei , ω̃i′ = Λi′

i ω̃
i , vi′ = Λi′

i v
i , pi′ = Λi

i′pi

g′ = ΛT gΛ

Subvariedad ∀p ∈ S,∃(φ,U(p)) tq φ : U∩R(n,m) →
V ∩ S

φ : M(xi) → N(yi

Push-fw φ∗ : Tx → Tφ(x), ~v∗(f) = ~v(f ◦ φ), v∗α =
vi ∂yα

∂xi

Pull-back φ∗ : Tφ(x)x → Tx, ω∗(~v) = ω(~v∗), ω∗
i =

ωα
∂yα

∂xi

Transporte Lie g∆t(xi(t)) = xi(t + ∆t)
Derivada Lie

£~v f := lim
∆t→0

f∗
∆t(t0)− f(t0)

∆t
= ~v(f)

£~u ~v := lim
∆t

(g−1
∆t )

∗~v(g∆t~x)− ~v(~x)
∆t

= [~u,~v]

£~u (ω̃) := lim
∆t→0

(g∗∆t)ω̃(g∆t~x)− ω̃(xi)
∆t

= (uk∂kωj+ωk∂ju
k)∇̃xj

£~u

(
ω̃(~v)

)
=
(
£~u (ω̃)

)
~v+ω̃

(
£~u (~v)

)
, £[~x,~y] =

[
£~x ,£~y

]
(£~u T )i1,...,ip

j1,...,jq
= uk ∂

∂xk
T

i1,...,ip
j1,...,jq

+T
i1,...,ip
k,j2,...,jq

∂uk

∂xj1
+ · · ·+ T

i1,...,ip
j1,...,jq−1,k

∂ik

∂xjq

−T
k,i2,...,ip
j1,...,jq

∂uu1

∂xk
− T

i1,...,ip−1,k
j1,...,jq

∂uip

∂xk

Killing £~x g = 0 , max n(n + 1)/2

∇(αξβ) = 0

∂jx
i + ∂ix

j = 2xlΓl
ji

p̃∧ q̃ := p̃⊗ q̃− q̃⊗ p̃ , α̃ =
1
p!

α[i...j] ω̃i∧· · ·∧ ω̃j

p̃∧q̃ =
1

p!q!
pi...j qk...lω̃

i∧· · ·∧ω̃l =
1

(p + q)!
(p̃∧q̃)i...lω̃

i∧· · ·∧ω̃l

p̃ ∧ q̃ = (−1)pq q̃ ∧ p̃

(i~x)ω̃ = ω̃(~x, , . . . , ) =
1

(p− 1)!
xipij...kω̃

j∧· · ·∧ω̃k

det A = εil...jA
1iA2l · · ·Anj =

1
n!

εab...cεil...jA
aiAbl · · ·Acj

ω̃ =
1
n!

fεij...kω̃
i ∧ ω̃j ∧ · · · ∧ ω̃k , f ′ = f det Λ

ω̃ = ω̃1 ∧ · · · ∧ ω̃n =
√
|g|∇̃x1 ∧ · · · ∧ ∇̃xn

dual: (∗α)i...j =
1
q!

ωk...li...jα
k...l

∗(ω̃r∧· · ·∧ω̃t) =
1

(n− p)!
gri · · · gtk ωi...kl...mω̃l∧· · ·∧ω̃m

d̃(α̃+β̃) = d̃α̃+d̃β̃ , d̃(α̃∧β̃) = d̃α̃∧β̃+(−1)αα̃∧d̃β̃

d̃d̃α̃ = 0 , d̃(f) = ∇̃f

d̃α̃ =
1
α!

∂αi...j

∂xm
∇̃xm ∧ ∇̃xi ∧ · · · ∧ ∇̃xj

rotp̃ = ∗d̃p̃ , divp̃ = d̃ ∗ p̃∫
Ω

F̃ =
∫

Ω
F̃ (e1, . . . , en)∇̃x1 ∧ · · · ∧ ∇̃xk :=

:=
∫

U
F̃ (e1, . . . , en)dx1 · · ·dxk

Stokes
∫

Ω
d̃F̃ =

∫
∂Ω

F̃

Gauss
∫

Ω
d(ω̃( ~A)) =

∫
∂Ω

ω̃( ~A)∫
Ω

1
√

g

∂

∂xα
(Aα√g)ω̃ =

∫
∂Ω

Aαnαs̃



∇~u~v = lim
ε→0

~v∗λ0+ε(λ0)− ~v(λ0)
ε

, ∇ejei = Γk
ijek

1. ∇~u(f~v) = (∇~uf)~v + f(∇~u~v)

2. ∇~u(f) = ~u(f)

3. ∇~u( ~A · ~B) = (∇~u
~A) · ~B + ~A · (∇~u

~B)

4. ∇~u(σ̃( ~A)) = (∇~uσ̃)( ~A) + σ̃(∇~u
~A)

5. ∇f~u+g~v
~A = f∇~u

~A + g∇~v
~A

∇~u~v = ui
(
ei(vk)+vjΓk

ji

)
ek = ui(∇iv

k)ek = uivk
;iek

∇ek
ω̃j = −Γj

lkω̃
l , ∇iσj = ∂iσj − Γk

ijσk

∇mT i...j
k...l = ∂mT i...j

k...l + T a...j
k...l Γ

i
am + · · ·+ T i...a

k...lΓ
j
am

−T i...j
a...lΓ

a
km − . . .− T i...j

k...aΓ
a
lm

T k
ij := ∇ejei −∇eiej − [ei, ej ] = 0 ⇔ Γk

ij = Γk
ji

(£~u ~v)i = uj∂jv
i − vj∂ju

i = uj∇jv
i − vj∇ju

i

(£~u σ̃)i = uj∂jσi + σk∂iu
k = uj∇jσi + σk∇iu

k

Geodésicas ∇~u(~u) = 0 , ∇~u(~u) = f~u

∂2xk

∂λ2
+ Γk

ji

∂xi

∂λ

∂xj

∂λ
= 0

trans. paral. ∇~u~v = 0 → ui

(
∂vk

∂xi
+ vjΓk

ij

)
= 0

Curvatura R(~u,~v) = [∇~u,∇~v]−∇[~u,~v]

Rm
kij = ∂iΓm

kj − ∂jΓm
ki + Γl

kjΓ
m
li − Γl

kiΓ
m
lj −C l

ijΓ
m
kl

Γi
jk =

1
2
gil(glj,k + glk,j − gjk,l)

• ∇i∇jV
l −∇j∇iV

l = Rl
kijV

k

• Rm
kij = −Rm

kji ⇔ Rm
k(ij) = 0

• Rm
[kij] = 0

• # = n2(n2 − 1)/3

• Bianchi ∇[mRl
|k|ij] = Rl

k[ij;m] = 0

• Rijkl = −Rijlk

• Rijkl = Rklij

• R[ijkl] = 0

• # = n2(n2 − 1)/12

[u, v] = 0 ⇔ ujuk∇j∇kv
l = Ri

jklu
jukvl

∇iv
i = dω̃(~v) ⇒ Γi

ji = ∂j ln
√

g

S =
∫

gij ẋ
iẋjdλ , δS = 0 ⇔ ẍk + Γk

ij ẋ
iẋj = 0

Tαβ = flux pα per xβ = cte
Polvo n = N/∆V , n′ = γn

~N = n~u = (γnc, γnv) , T 00 = ρ = nm

T = ~N ⊗ ~p , Tµν = nmuµuν

Fluido ideal

Tµν = (ρ + p)uµuν + pgµν

ai = uβ∇βui = − ∂ip

ρ + p

n part́ıculas

Tαβ =
∑
N

∫
dτpα

N

dxi
N

dτ
δ4
(
~x− ~xN (t)

)

p =
1
3

∑ ~p2
N

EN
δ3(~x− ~xN (t))

ρ =
1
3

∑
ENδ3(~x− ~xN (t))

(no rel) ρ = nm +
3
2
p , (molt rel) ρ = 3p

Gαβ = Rαβ − 1
2
gαβR = κTαβ , κ =

8πG

c4

Ĺımite Newton Tiα → 0 , ∂0 → 0

h00 =
2φ

c2
, R00 = −1

2
∇2h00



Gauge xα′ = xα + tξα(x) , t � 1

ĥαβ = hαβ −
(
∂βξα + ∂αξβ

)
= hαβ −£~ξ

(ηαβ)

Rαβµν =
1
2

(
∂β∂µhαν+∂α∂νhβµ−∂β∂νhαµ−∂α∂µhβν

)
Rµν =

1
2

(
∂µ∂αhα

ν +∂α∂νh
α
µ−∂µ∂νh

α
α−∂α∂αhµν

)
R = ∂β∂αhαβ − ∂β∂βhα

α

pot h̄µν = hµν −
1
2
ηµνh

α
α

g.Lorentz ∂µh̄µν = 0 , �2ξν = ∂µhµν

ˆ̄hµν = h̄µν −
(
∂µξν + ∂νξµ

)
+ ηµν∂αξα

�2h̄µν = −2κTµν

l.N h̄00 = −4φ , ds2 = −(1+2φ)dt2+(1−2φ)(dx2+dy2+dz2)

Landau-Lifshitz ∂µ

[
(−g)

(
Tµν + tµν

)]
= 0

tµν =
1

2κ(−g)
∂α∂β

[
(−g)

(
gµνgαβ − gµαgνβ

)]
−1

κ
Gµν

(−g)
(
Gµν + κtµν

)
= ∂αuµνα

∂βuµναβ = uµνα −→ (−g)
(
Gµν+κtµν

)
= ∂α∂βuµναβ

Pµ :=
∫

Σ
d3x

∂αuµ0α

κ
=
∫

∂Σ
d2Si ∂β

(−g)
(
gµ0giβ − gµig0β

)
2κ

Gauge TT hα0 = 0 , hα
α = 0 , ∂ihik = 0

h̄µν = Re
(
Aµν eikαxα

)
, kαkα = kαAµα = Aµ

µ = 0

Rj0k0 = R0j0k = −1
2
∂0∂0h

TT
jk

xı̂
A = 0 , xı̂

B = xj
B

(
δı̂

j +
1
2
hı̂

j(t, x
i = 0)

)

e+ =
(

1 0
0 −1

)
, eX =

(
0 1
1 0

)
, kα = ω(1, 0, 0, 1)

hTT
ij = Re

{
A+e+e−iω(t−z) + AXeXe−iω(t−z)

}
hTT

ij = PilhlmPmj−
1
2
PijPij(Plmhlm) , Plm = δlm−klkm

〈
h hµν|αβ

〉
=
〈
h hαβ|µν

〉
,
〈(

h|α hµν

)
|β

〉
= 0〈

h hµν|αβ

〉
= −

〈
h|β hµν|α

〉
TOG

µν =
1
4κ

〈
hαβ|µhαβ

|ν

〉
, Tµ

µ
OG = 0

Rµν = R(F )
µν +R(1)

µν(h
(1))︸ ︷︷ ︸

o(A/λ2)

+R(1)
µν(h

(2)) + R(1)
µν(h

(2))︸ ︷︷ ︸
o(A2/λ2)

+o(A3/λ2)

R(1)
µν(h) =

1
2

(
hαµ|ν

α + hαν|µ
α − hα

α|µν − hµν|α
α
)

R(2)
µν(h) =

1
2

{
1
2
hαβ|µhαβ

|ν + hαβ
(
hαβ|µν + hµν|αβ

−hαµ|νβ − hαν|µβ

)
+ hν

α|β (hαµ|β − hβµ|α
)

−
(

hαβ
|β −

1
2
h|α
)(

hαµ|ν + hαν|µ − hµν|α
)}

˜̄hij = − k

4π
ω2 eiωr

r
D̃ij on D̃ij =

∫
T̃ 00xi′xj′d3x′

h̄ij =
k

4πr

d2

dt2
Dij(t−r) on Dij =

∫
T 00xi′xj′d3x′

h̄TT
ij =

c4

4πr

d2

dt2
ITT

ij =
2G

r

d2

dt2
ITT

ij

dP

dΩ
= r2 · niT

0i = − ni

4π
r2
〈
hTT

jk,0h
TT jk
,i

〉
Iij = Dij −

1
3
δijD

k
k =

∫
ρ

(
xi′xj′ − 1

3
δijr′

2
)

d3x′

dP

dΩ
=

κ

64π2c

〈···
I TT jk

···
I TT jk

〉
=

G

8πc5

〈···
I TT jk

···
I TT jk

〉
P =

dE

dt
=

κ

40πc

〈···
I TT jk

···
I TT jk

〉
=

G

5c5

〈···
I TT jk

···
I TT jk

〉



ds2 = −e2φ(t,r)dt2 +e2Λ(t,r)dr2 +(dθ2 +sin2 θdϕ2)

Schwarchild ds2 = −
(

1− 2M

r

)
dt2+

dr2

1− 2M
r

+r2d2Ω

Γ1
11 = Λ′ , Γ1

33 = −r sin2 θe−2Λ , Γ3
23 = cotgθ

Γ1
10 = Λ̇ , Γ2

12 = 1/r , Γ0
11 = Λ̇e2(Λ−φ)

Γ1
22 = −re−2Λ , Γ2

33 = − sin θ cos θ , Γ0
10 = φ′

Γ1
00 = e2(φ−Λ)φ′ , Γ3

13 = 1/r , Γ0
00 = φ̇

R00 = e2(φ−Λ)

(
φ′′ + φ′2 − φ′Λ′ +

2φ′

r

)
− Λ̈− Λ̇2 + Λ̇φ̇

R11 = −φ′′ − φ′2 + φ′Λ′ +
2Λ′

r
+ e2(Λ−φ)

(
Λ̈ + Λ̇2 − Λ̇φ̇

)
R22 = −e−2Λ

[
1 + r(φ′ − Λ′)

]
+ 1

R33 = − sin2 θ
{
e−2Λ

[
1 + r(φ′ − Λ′)

]
− 1
}

R10 =
2Λ̇
r

e2Λ =
1

1− 2m(r)
r

, m(r) =
κ

2

∫ r

0
dr r2ρ(r)

dφ

dr
=

m(r) + κ
2pr3

r(r − 2m(r))

Oppenheimer-Volkov
dp

dr
= −

(p + ρ)
(
m(r) + 4πr3ρ

)
r(r − 2m(r))

Clàssica dp
dr = −ρm(r)

r

Mmat =
∫ r0

0

√
−g
∣∣
t=cte

ρd3x = 4π

∫ r0

0
eΛρr2 sin θdr

p(r0) = 0 , r0 >
9
4
M ⇒ p(o) = ∞

m 6= 0 → p0 = −Êm , pϕ = L̂m

Ê =
(

1− 2M

r

)
dt

dτ

(
dr

dτ

)2

= Ê2−
(

1− 2M

r

)(
1 +

L̂2

r2

)
= Ê2−V̂ 2(r)

r0 =
L̂2

2M

1±

√
1− 12M2

L̂2



m = 0 → p0 = −E , pϕ = L , r0 = 3M(
dr

dλ

)2

= E2 −
(

1− 2M

r

)
L2

r2
= E2 − V 2(r)

Precesión perihelio u = 1/r = y + M/L̂2

(
dr

dϕ

)2

=
Ê2 − (1− 2M/r)

(
1 + L̂2/r2

)
L̂2/r4(

du

dϕ

)2

=
Ê2

L̂2
− (1− 2Mu)

(
1
L̂2

+ u2

)
(

dy

dϕ

)2

=
Ê2 + (M/L̂)2 + 2(M/L̂)4 − 1

L̂2

+
6M3

L̂2
y +

(
6M2

L̂2
− 1
)

y2 + (2My3)

(
dy

dϕ

)2

= A + By − k2y2 , k2 = 1− 6M2

L̂2

y = C cos(kϕ + ϕ0) ,

∆ϕ = φ−2π = 2π

(
1

1− 6M2

L̂2

− 1

)
≈ 6πM2

L̂2
=

6πM

r

Deflexión lluz(
du

dϕ

)2

+ (1− 2Mu) u2 =
E2

L2
=

1
b2

M = 0 ⇐⇒ u0(ϕ) =
1
b

sinϕ

d2u

dϕ2
+ u = 3Mu2 ≈ 3M

b2
sin2 ϕ

u(ϕ) =
1
b

sinϕ +
M

b2
(1 + cos ϕ)2

u(ϕ) =
1
b
∆ϕ +

4M

b2
= 0 −→ ∆ϕ = −4M

b


